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Within the Landau-Ginsburg-Devonshire phenomenological approach we study the ferroic nanosystem prop-
erties changes caused by the flexoeffect �flexoelectric and flexomagnetic� existing spontaneously due to the
inhomogeneity of order parameters. An exact solution for the spatially inhomogeneous mechanical displace-
ment vector allowing for flexocoupling contribution was found for nanowires and thin pills. Strong influence
of the flexoeffect on nanorods and thin pills leads to the displacements of the atoms resulting into the unit-cell
symmetry changes, which lead to the phase-transition temperature shift, as well as the nanoparticle shape
distortions; in particular, flat cross sections transform into saucerlike ones. The phenomena can be considered
as true manifestation of the spontaneous flexoeffect existence. It was shown that flexoeffect leads to �a� the
appearance of linear and nonlinear contributions and renormalization of coefficients before the order-parameter
gradient, �b� essentially influences the transition temperature, piezoelectric response, and the spatial distribu-
tion of the order parameter, and �c� results in renormalization of extrapolation length in the boundary condi-
tions. These effects cannot be neglected for ferroelectrics, the renormalization being important for nanopar-
ticles of arbitrary shape, while the linear and nonlinear terms are essential for the thin pills only. They are
absent for nanowires with the order parameter directed along the wire axis. We demonstrated that the flexo-
electric coupling decreases the polarization gradient self-consistently and so makes polarization more homo-
geneous. It was shown that revealed effect of the correlation radius renormalization by the flexoelectric effect
leads to the renormalization of the intrinsic width of ferroelectric domain walls.
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I. INTRODUCTION

The most general definition of the direct flexoeffect is the
appearance of the polarization or magnetization in response
to inhomogeneous mechanical impact �elastic stress or strain
gradient�. The converse flexoeffect corresponds to the ap-
pearance of mechanical stress or strain in response to the
gradient of order parameter. Let us underline that flexocou-
pling affects both the system response to the external impact
and the intrinsic gradient of order parameters. Typical ex-
ample is flexoelectric effect1–3 originated from the coupling
of polarization gradient with elastic strain and polarization
with elastic strain gradient. It is worth to underline that the
flexomagnetic effect should exist in the materials with sym-
metry without inversion of time �e.g., in some
antiferromagnetics4� so that the symmetry consideration for
flexomagnetic effect will be similar to the well-studied flexo-
electric phenomena.

The flexoelectric effect was predicted by Mashkevich and
Tolpygo,5 later on theoretical study of the flexoelectric effect
in bulk crystals was performed by Tagantsev,2,3 experimental
measurements of flexoelectric tensor components were car-
ried out by Ma and Cross6–8 and Zubko et al.9 Renovation of
the theoretical description for the flexoelectric response of
different nanostructures starts from the papers of Catalan and
co-workers,10,11 while recent achievements are presented in
the papers of Majdoub et al.12 and Kalinin and Meunier.13

However, in these papers the flexoelectric effect was consid-
ered as a coupling between intrinsic polar properties �e.g.,
polarization� and the extrinsic factors like the misfit strain
relaxation10,11 or the system bending by external forces,12,13

while the coupling between intrinsic parameters �i.e., spon-

taneous polarization gradient and strain� was not considered.
The crucial role of the surface in all physical properties of
nanosystems including the strong order-parameter gradients
in ferroic nanostructures14 inevitably leads to the noticeable
spontaneous flexocoupling, almost negligible for bulk mate-
rials, since the order parameters are usually homogeneous in
this case.

It is worth to underline that phenomenological approach
which was broadly used in the world scientific literature for
description of nanosystems15,16 as well as in the majority of
aforementioned theoretical papers needs the estimations of
spatial scales where phenomenological approach is valid. For
ferroelectrics the correlation radii determine the minimum
possible scale of order parameter changes, so the phenom-
enological approach can be valid if the correlation radii
would be higher than lattice constant. In more general case
the critical sizes of the long-range order existence in ferroics
derived on the basis of microscopic17 and phenomenological
calculations18 are in reasonable agreement both with each
other and with experimental observation of ferromagnetic
critical size of 7–30 nm �Ref. 19� and the ferroelectric criti-
cal size of 1–10 nm.20–22 So, keeping in mind that phenom-
enological approach is suitable for long-range order descrip-
tion, the critical sizes lay in the region from several lattice
constants to several nanometers, the region of phenomeno-
logical approach validity is broad enough. For instance, Ma-
jdoub et al.12,23 considered either the response of cantilever-
shaped beam to external stress gradient or the dielectric
properties of thin film taking into account the polarization
gradient allowing for flexoelectric effect. They apply phe-
nomenological macroscopic models to nanosized systems
and compare obtained results with microscopic modeling
�ab initio and molecular-dynamics simulations�. Majdoub
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et al.12,23 found that results of the microscopic modeling are
qualitatively �and in some cases quantitatively� reproduced
by the phenomenological model taking into account the
flexoelectricity and polarization gradient.

In this paper we study the ferroic nanostructure property
changes caused by flexoeffect existing due to the inhomoge-
neous spatial distribution of the order parameter �see Secs. II
and III�. Using concrete example of nanoferroelectrics �me-
chanically free pills, rods, and wires�, we demonstrate that
the flexoelectric coupling influence the majority of properties
and in particular decreases the polarization gradient self-
consistently and so renormalizes the correlation radius and
stabilizes the ordered phase �see Sec. IV�.

II. BASIC EQUATIONS FOR FLEXOEFFECT
CONTRIBUTION IN FERROIC NANOPARTICLES

For the description of flexocoupling in ferroic nanopar-
ticles we will use the Landau-Ginsburg-Devonshire �LGD�
phenomenological approach24,25 with respect to the surface
energy, gradient energy, depolarization or demagnetization
fields, mechanical stress, and flexoeffect. Since in nanostruc-
tures the flexoeffects cause the internal driving forces via the
order-parameter gradients, which perform the virtual work,
we need to minimize the Helmholtz free energy F.26–30 For
ferroics with the second-order phase transition corresponding
LGD expansion of bulk �FV� and surface �FS� parts of Helm-
holtz free energy F on the order parameter � and strain ten-
sor components uij have the form
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Coefficients aij�T� explicitly depend on temperature T. Coef-
ficients aij

S , aijkl, and aijkl
S are supposed to be temperature

independent; constants gijkl and vijklmn determine the magni-
tude of the gradient energy. Tensors gijkl, aijkl, and aijkl

S are
positively defined. Tensor wjklm

S is the surface excess elastic
moduli, ���

S is the surface stress tensor,31,32 and dijk
S is the

surface piezoelectric tensor.2,33 qijkl is the bulk striction co-
efficients and cijkl are components of elastic stiffness
tensor.34

Tensor f ijkl is the flexocoupling coefficient tensor.9,10 In
fact, only the Lifshitz invariant

f ijkl

2 ��k
�uij

�xl
−uij

��k

�xl
� is relevant

for the bulk contribution. Rigorously speaking, the gradient
terms like vijklmn��uij /�xk���ulm /�xn�, which was ignored in
Refs. 10 and 11 for the ferroelectrics, are responsible for the

stable smooth distribution of the order parameter at nonzero
strain gradients since the presence of Lifshitz invariant es-
sentially changes the stability conditions.35 Namely, in the
scalar case the inequality f2�gc should be valid for the sta-
bility of the order-parameter smooth distribution. We ob-
tained that in the considered tensorial case the terms
vijklmn��uij /�xk���ulm /�xn� can be neglected under the
condition fklmn

2 �gijklcijmn.
E0 in Eq. �1� is external field coupled with the order pa-

rameter �. Ed is depolarization or demagnetization field that
appears due to the nonzero divergence �div����0	 of order
parameter � in confined systems.36,37

The equations of state �FV /��i=0 and �FV /�uij =�ij
�where � jk is the stress tensor and � is the symbol of varia-
tion derivative� obtained by variation in the bulk free energy
�Eq. �1�	 should be solved along with the equations of me-
chanical equilibrium ��ij�x� /�xi=0 and compatibility equa-
tions equivalent to the mechanical displacement vector ui
continuity.38 Variation in the surface and bulk free energy
�Eq. �1�	 on �i yields to Euler-Lagrange equations with the
boundary conditions


�gkjimnk
��m

�xj
+ aij

S � j +
f jkim

2
ujknm�


S

= 0. �2�

Here nk are components of the external normal to the ferroic
surface. The most evident consequence of the flexocoupling
is the inhomogeneous boundary conditions.

In order to demonstrate spontaneous flexoeffect contribu-
tion to the nanoferroic properties, hereinafter we neglect the
surface excess elastic modules, surface stress tensor, and sur-
face piezoelectric effect contributions into the surface energy
�Eq. �1�	. We consider mechanically free nanoparticles with-
out misfit dislocations, which should lead to the “external”
flexoeffect only. The contribution of misfit dislocations into
the flexoelectric effect in thin films was considered in detail
by Catalan et al.10,11

Allowing for essential contribution of elastic strains uij
into the free energy �Eq. �1�	, let us first proceed with their
calculations. Then obtained elastic solution should be substi-
tuted into the Euler-Lagrange equations for the order-
parameter components � j.

III. SPONTANEOUS FLEXOEFFECT INFLUENCE
ON ELASTIC FIELDS IN NANOFERROICS

Hereinafter let us consider a ferroic nanorod with radius
R, height h, and the axially symmetric one-component order
parameter �3�z ,	� directed along the rod axis z �hereinafter
	=�x1

2+x2
2 and z=x3 are cylindrical coordinates�. The exter-

nal field E= �0,0 ,E0� is also directed along the z axis. Equa-
tions of mechanical equilibrium ��ij�x� /�xi=0, rewritten for
nonzero displacement vector components uz�z ,	� and
u	�z ,	�, allowing for equation of state �FV /�uij =cijklukl
−qij33�3

2+ f ij3l��3 /�xl=�ij, acquire the form �see Appendix
A in Ref. 39�
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Voigt notations are used hereinafter. The nanorods are re-
garded mechanically free, thus the corresponding boundary
conditions are �z	 �z=
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�the sign “−” for z=−h /2 and the sign “+” for z=h /2�.
Note that the limiting case h /R→0 corresponds to the

films and thin pills, while the case R /h→0 corresponds to
the wire. Our further analysis will be performed in the two
cases of thin pills and wires; films will be considered else-
where.

The analytical solution for mechanical displacements in
nanowires �i.e., at R�h, ��3 /�z�0, and ��3 /�	�0� was
derived in Appendix B in Ref. 39 as

u	 = 	� 1
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�7� is different from the homogeneous spontaneous strain
components in bulk material, which are simply proportional
to �3

2��3
2.36 Actually, the intrinsic term proportional to the

difference ��3
2−�3

2� absent in the bulk solution was omitted
in the solution for films used in Refs. 10 and 11.

The substitution of the shear strain u	z=−
f44

2c44

��3

�	 calcu-
lated from Eq. �7� into Eq. �5� leads to the gradient coeffi-
cient g12 renormalization g12

� =g12− f44
2 /c44 caused by the

term 2f44
�uz	

�	 included into f3�u�. Estimations for ferroelectric
PbTiO3 at room temperature gives f44

2 /c44�10−11, . . . ,10−9

SI units, which is comparable with typical values of gij
�10−10 SI units.40 So, the renormalization cannot be ne-
glected but the conditions gij

� 
0 are necessary for the stabil-
ity of the system without considering higher gradient terms
�otherwise the single-domain state becomes unstable even at
small vijklmn��uij /�xk���ulm /�xn� values	. The perovskite
ABO3 lattice deformation caused by spontaneous flexoeffect
in nanowires is shown in Fig. 1�a�.

Typical values of external strain corresponding to the can-
tilever beam bending12 are much smaller than the spontane-
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FIG. 1. �Color online� �a� Schematics of the perovskite ABO3

lattice radial deformation from squire cross section to rectangular
and incline parallelogram ones caused by spontaneous flexoeffect in
nanowires. ��b� and �c�	 Spontaneous shear strain u	z radial distri-
bution inside the nanorod for flexoelectric coefficient �b� f44=1 V
and �c� 5 V. Nanorod radius values are R=2, 3, 5, 7, and 10 nm
�curves 1–5�. PbTiO3 material parameters Tc=479 °C, �T=3.8
�105 J m /C2 K, c44=1.1�1011 J /m3, g12=10−9 J m3 /C2, and
�0=5 nm and a=0.4 nm in Eq. �13b�.
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ous one u	z=−�f44 /2c44���3 /�	 caused by spontaneous
flexoelectric effect near the surface 	=R of the nanowire �see
Figs. 1�b� and 1�c�	. Besides the strain influences self-
consistently on the order-parameter distribution, it should in-
fluence on all nanowire electromechanical and electronic
properties related with its elastic state. The effect, originated
from the inhomogeneity of the order parameter ��3 /�	, is
the stronger, the smaller is the wire radius �compare curves
1–5 in Figs. 1�b� and 1�c�	. Similar effect should exist in thin
ferroic nanotubes.

The analytical solution for elastic strain and displace-
ments in thin pills �i.e., at R�h, ��3 /�z�0, and ��3 /�	
�0� was derived in Appendix C in Ref. 39 as
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Here ���� 1
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h/2 ��z�dz, where ��z�=
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�z
z
h or �3

2�z�.
Substitution of elastic strain and displacement calculated

from Eq. �8� into Eq. �5� leads to the renormalization of
gradient coefficient g11 in Eq. �5� g11

� =g11− f11
2 /c11 due to

contribution of the last term
f11

c11

��3

�z in Eq. �8a�. The first term
in Eq. �8b� corresponds to the parabolic particle bending in-
duced by the flexoeffect �see Fig. 1�a�	, while the second
term is spontaneous strain independent on lateral coordinates
�it could be also rewritten as hQ11��3

2� and typically are
much smaller than the first one starting from the radii 	

1 nm�. So, the spontaneous flexoeffect leads to the trans-
formation of the pill plain shape into the saucerlike one. The
unique phenomenon can be considered as manifestation of
spontaneous flexoeffect existence. We hope that it could be
observed experimentally.

Allowing for the first term f11
�2uz

�z2 � f11
�uzz

�z in the function
f3�u� introduced in Eq. �5� and expression for out-of-plane
strain uzz existing in thin pills, the appearance of new terms
on the left-hand side of Eq. �5� was shown. Actually, in par-
ticular case of a thin pill �R�h� with symmetric conditions
at boundaries z= 
h /2, equation for the order-parameter dis-
tribution far from the boundary 	=R can be rewritten as �see
Appendix C in Ref. 39�
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Boundary conditions were obtained from Eq. �6� in the form
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h/2
= 0. �9c�

Here we introduced the extrapolation length ��= �g11−
f11
2

2c11

− f2� /a1
S renormalized by flexoeffect.

Note that the new terms proportional to f2

h �
��3

�z
z
h � and

qf�
��3

�z
z
h � z

h�3, the latter is related to the flexostriction cou-
pling contribution, were not considered previously10–12 since
it originates from the intrinsic inhomogeneity of order pa-
rameter in the nanostructures. Despite the nonlinear term
�

��3

�z
z
h � z

h�3 does not lead to the transition temperature shift,
our preliminary calculations showed that the term essentially
influences �in comparison with conventional cubic term
��3

3� the spatial distribution of �3 in the ordered phase.
The distribution of relative vertical displacement uz /h

caused by flexoeffect for different values of pill thickness h
and flexocoefficient f11 is shown in Figs. 2�b�–2�e� for an
example of ferroelectric PbTiO3. One can see that relative
displacement decreases with pill thickness increase �compare
curves 1–4 in parts �b� and �d�	 and increases with flexoelec-
tric coefficient increase �compare curves 1–4 in parts �c� and
�e�	. The displacement profile is parabolic in agreement with
Eq. �8b�. Note that the first flexoinduced term in Eq. �8b� is
negative, while the second striction term is positive for
PbTiO3 material parameters. For 	=0 the displacement
uz�0,z= h

2 �=h�
q11�c11+c12�−2c12q12

�c11
2 +c11c12−2c12

2 � 	��3
2� depend on the thickness h

but the numerical values of the different curves 1–4 vertical
shift appeared �0.05–0.03, so it is invisible in the linear
scale. Note that boundary conditions �9c� are valid until u3
�h. For small extrapolation lengths displacement increases
more rapidly and becomes essential at higher thicknesses h
�compare plots �a� and �b�, and �c� and �d�	. In what follows
we will consider the influence of flexoelectric effect on the
properties of ferroelectric nanosystems in more detail, while
the previous calculations are valid for other ferroics also.

IV. INFLUENCE OF SPONTANEOUS FLEXOELECTRIC
EFFECT ON THE PROPERTIES OF

NANOFERROELECTRICS

A. Thin pills

For specificity hereinafter we set a1�T�=�T�T−TC� and
use typical for screened ferroelectric thin pills depolarization
field E3

d= ��P3�− P3� / ��0�b�, P3 is polarization directed along
the pill symmetry axes �see inset in Fig. 3�, where �b is
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dielectric permittivity of the background41 or reference
state42 unrelated with ferroelectric soft mode �typically �b
�10�. Linearized solution of Eq. �9a� gives the averaged
value of susceptibility in paraelectric phase:
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Here we introduced the characteristic length Rz
2=g11

� �0�b �see
Appendix C in Ref. 39 for details�. Equation �10� was de-
rived for typical condition h�Rz. Using the divergence of
susceptibility �Eq. �10�	, one could find the critical tempera-
ture of the transition between paraelectric and ferroelectric
phases:

Tcr�h, f11� � TC −
1

�T
� 2g11

�

�Rz + ���h
−

24f2Rz

�Rz + ���h2� . �11�

The first term in Eq. �11� is the bulk transition temperature,
the second term is mainly determined by the influence of
surface effects and depolarization field renormalized by the
flexoeffect. The third term originated from the influence of
the flexoterm � f2

h �
�P3

�z
z
h � in Eq. �9a�. It should be noted that

the signs of these terms are different, so, while the second
term leads to the critical temperature suppression, the third
one always increases the temperature.

The transition temperature nonmonotonic behavior,
namely, minimum at thickness hmin=24f2Rz /g11

� , followed by
increase at the smallest thickness values appeared for high
values of flexoelectric coefficient f11 are related to the third
term in Eq. �11� that is inversely proportional to h2. Despite
the term is negligible at higher thicknesses, its contribution
to the transition temperature dominates over the second term
proportional to 1 /h at small thickness values. However, one
should restrict consideration for the thickness greater than
several lattice constants; otherwise phenomenological ap-
proach can be inapplicable �see Sec. I�. Since hmin value
depends on the material parameters and so it is not excluded
that for some materials hmin can be in the region of phenom-
enological theory applicability. The ferroelectric transition
temperature dependence on thickness h and flexoelectric co-
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FIG. 2. �Color online� �a� Schematics of the perovskite ABO3

lattice deformation caused by spontaneous flexoeffect in nanopills.
��b�–�e�	 The distribution of vertical displacement for different val-
ues of pill thickness h=10, 30, 100, and 300 nm �curves 1–4�; ��b�
and �d�	 flexoelectric coefficient for f11=10 V; ��c� and �e�	 h
=30 nm, flexoelectric coefficient for f11=1, 3, 7, and 10 V �curves
1–4�; seeding extrapolation length ��b� and �c�	 �0=g11 /a1

S

=0.5 nm and ��d� and �e�	 5 nm; and material parameters corre-
spond to PbTiO3.
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efficient f11 calculated from exact expression �C.21� from
Appendix C in Ref. 39 is shown in Fig. 3.

However, for the small flexoelectric coefficients values
hmin is usually smaller than several lattice constants, so the
effect of Tcr nonmonotonic behavior predicted within
Landau-Ginzburg-Devonshire phenomenological approach
may be unrealistic �see dotted parts of curves 1–4 in the
region of ultrasmall thickness in Figs. 3�a� and 3�b�	. How-
ever, for the higher values of flexoelectric coefficient f11, and
so hmin values, the transition temperature Tcr�h , f11� is rather
high at h=hmin, so the disappearance of thickness-induced
phase transition induced by flexoelectric coupling in ferro-
electric pills can be reliably predicted within the phenom-
enology �see curves 3 and 4 in Figs. 3�a� and 3�b�	. The
influence of the extrapolation length on the transition tem-
perature and flexoelectric coupling effect is obvious: for
small extrapolation lengths, size effects are more pronounced
and become essential at higher thicknesses h �compare plots
�a� and �b�	.

The effect of transition temperature increase with flexo-
electric coefficient f11 increase is demonstrated in Figs. 3�c�
and 3�d� for several fixed thicknesses h. The smaller is the
thickness h, the higher is the slope of Tcr�f11� dependence
�compare curves 1–4 in Figs. 3�c� and 3�d�	. Temperature
Tcr�f11� increases with thickness h increase until h�hmin
�compare curves 4, 3, and 2 in Figs. 3�c� and 3�d�	. For
ultrathin pills with thickness h�hmin nonmonotonic effects
appeared �see maximum at curve 1 in Figs. 3�c� and 3�d�	.
For smaller extrapolation lengths, size effects are more pro-
nounced and become essential at higher thicknesses h �com-
pare plots �c� and �d�	. Note that all curves in Figs. 3�c� and
3�d� have physical meaning until flexoelectric coefficient f11
is smaller than the limiting value f0=�g11c11.

Actually, analytical expression �Eq. �11�	 provides quan-
titative information about the spontaneous flexoeffect contri-
bution into the transition temperature in ferroic nanopills.
What is the simple physical meaning of flexoeffect induced
increase in the phase-transition temperature? The reasonable
explanation is the “ordering” role of the new term f2

h �
�P3

�z
z
h �

linear on the order parameter P3. The flexoinduced deforma-
tion of the ABO3 unit-cell vertical cross section �shown in
Fig. 2�a�	 stimulates the polar-active displacement of central
B cation and thus increases paraelectric phase instability.
However, linearized solution of Eq. �9a� was obtained in the
assumption that the pill surfaces z= 
h /2 remained almost
flat �see the boundary conditions �9c�	. Rigorously, it is ap-
proximation valid until u3�h since flexoeffect leads to the
pill edges bending �as shown in Figs. 2�b�–2�d�	. In Sec. V
we demonstrate that although the terms like �

�P3

�z
z
h � and

�
�P3

�z
z
h � z

h�3 are absent for ferroelectric nanowire with order
parameter directed along its axis flexoelectric effect essen-
tially influences nanowire properties.

B. Nanowires

Below we demonstrate that the renormalization of gradi-
ent coefficient and extrapolation length strongly affects all
the properties and in particular the transition temperature
shift and correlation radius in single-domain ferroelectric

nanowires with axial symmetry of the polarization P3 �see
Fig. 4�a�	. For short-circuit boundary conditions E3

d�	 ,z�
��1+ �h /2R�2	−1�P̄3− P3�	 ,z�	 / ��0�b�,43 while E3

d�	 ,z�
�−�1+ �h /2R�2	−1P3�	 ,z� / ��0�b� for the open-circuit ones.
So, one can neglect small depolarization field Ed��R /h�2 for
the case h�R typical for nanowires.

Substitution of Eq. �7� into Eq. �5� leads to the Euler-
Lagrange equation for the polarization P3�	�:

a1�T�P3 − g12
� �d2P3

d	2 +
1

	

dP3

d	
� + �a11 −

q12
2

c11
�P3

3 + b11P3
2P3

= E0. �12�

Renormalized coefficient

b11 = −
q11

2 �c11+c12�c11+�c11
2 −c11c12+2c12

2 �q12
2 −4c11c12q11q12

c11�c11−c12��c11+2c12�
.

The boundary conditions �6� can be rewritten via renormal-
ized extrapolation length �� as


�P3 + ���R�
dP3

d	
�


	=R
= 0, �13a�
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on flexoelectric coefficient at fixed radius R /Rc=1.25, 2.5, 5, and
10 �curves 1–4�. Parameter g12 / �a1

SRc�=1. ��d� and �e�	 Transition
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���R� =
g12

a1
S�R�

�1 −
f44

2

2c44g12
� =

4R�0

4R − 2a + 5�0
�1 −

f44
2

2c44g12
� .

�13b�

In Eq. �13b� we used that the “seeding” extrapolation length
��R�=g12 /a1

S�R� depends on the rod radius R and material
lattice constant a as ��R�=

4R�0

4R−2a+5�0
in accordance with

Wang and Smith calculations.18 Here �0 has the meaning of
extrapolation length of semi-infinite ferroelectric material.

So, for nanowires flexoelectric effect leads to the renor-
malization of the gradient coefficient and extrapolation
length. This means that in order to consider the spontaneous
flexoelectric effect influence on the properties one has to
rewrite all the analytical expressions obtained earlier for long
nanorods and nanowires physical properties without flexo-
electric effect14,44 by the substitution g12

� and �� for g and �S
in the expressions for the corresponding property. In what
follows we will demonstrate the spontaneous flexoeffect in-
fluence on the critical parameters �temperature and radius� of
size-induced phase transition and correlation radius using the
results14,44 obtained without flexoeffect.

Approximate expression for ferroelectric to the paraelec-
tric phase-transition temperature Tcr�R� for nanowires could
be rewritten as

Tcr�R, f44� � �TC −
2

�T
� g12

�

R���R� + 2R2/k01
2 � , �� 
 0

TC −
2

�T
�g12

� 2���R� − R

2R��2 � , �� � 0,�
�14�

where k01=2.408¯ is the smallest positive root of equation
J0�k�=0. Renormalized transition temperature Tcr depen-
dences vs nanowire radius and flexoelectric coefficients f44
are shown in Figs. 4�b� and 4�c� for dimensionless variables
and in Figs. 4�d� and 4�e� for PbTiO3 material parameters. It
is clear from the plots that the higher is the f44 value, the
higher is the transition temperature Tcr and the smaller is the
critical radius Rcr that corresponds to T=Tcr.

An approximate analytical expression for the critical ra-
dius was derived from Eq. �14� under the assumption R
��0:

Rcr�T, f44� ���1 −
f44

2

f0
2 �k01

2 R0
2 TC

TC − T
+ � f44

2

2f0
2 − 1�2

k01
4 ��2

16

− k01
2 ��

4
�1 −

f44
2

2f0
2� . �15�

Here f0=�g12c44, ���R���0�1− f44
2 /2c44g12�, and Rb

=�g12 /�TTc is the bulk correlation radius at zero
temperature. Under the condition R��0 the critical radius
should be calculated numerically from Eq. �14� as the solu-
tion of equation Tcr�Rcr , f44�=0. Critical radius Rcr depen-
dence on flexoelectric coefficients f44 for different tempera-
tures is shown in Fig. 5. Solid curves calculated numerically

from Eq. �14� are very closed to dashed curves calculated
from Eq. �15�. So, it is clear that approximation �Eq. �15�	
works surprisingly well. Thus, flexoelectric effect renormal-
izes both critical temperature and critical radius.

Let us underline that at radii slightly higher than the criti-
cal one the region of the almost vertical slope of the depen-
dences Tcr�R� drastically increases with f44 increase �com-
pare curves 1 and 4 in Fig. 4�b�	. For chosen material
parameters the increase in the slope caused by the flexoelec-
tric coefficient increase on several percents leads to the in-
crease in transition temperature in 2–3 times. With the rod
radius increase the terms related with the flexoelectric effect
decreases as 1 /R and becomes unessential at radii R�Rcr

�curves 1–4 in Figs. 4�b� and 4�d� calculated at different f44

converge together and tend to the bulk value with radius
increase	.

Application of the direct variational method14,43 for the
Euler-Lagrange equation �12� leads to the conventional form
of the free energy with renormalized coefficients

FR�P̄3� � �T�T − Tcr�R�	
P̄3

2

2
+ �a11 −

q12
2

c11
+ b11� P̄3

4

4
− P̄3E0.

�16�

It is seen that because the critical temperature Tcr�R� in Eq.
�14� depends on the flexoelectric coupling coefficient f44, the

average polarization P̄3 and all other physical properties de-
termined by it have to be dependent on the flexoelectric co-

efficient f44. Note that P̄3 and other physical properties can
be found by the conventional minimization of the free energy
�Eq. �16�	.

The main effect from the flexoelectric coupling is the
change in transition temperature via the renormalization of
the extrapolation length and the gradient term �see Eq. �14�	.
Because of the same reasons flexoelectric coupling will lead
to the renormalization of correlation radius as
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FIG. 5. �Color online� Critical radius Rcr vs flexoelectric coeffi-
cients f44 for different temperatures T=−20, 20, 200, and 400 °C
�marked near the curves�. Solid curves are calculated numerically
from Eq. �14�; dashed curves are calculated from analytical Eq.
�15�. PbTiO3 material parameters are the same as in Fig. 4.
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Rc
��T,R, f44�

=��
g12 − f44

2 /c44

�T�T − Tcr�R, f44�	
paraelectric phase

�−
g12 − f44

2 /c44

2�T�T − Tcr�R, f44�	
ferroelectric phase.�

�17�

The renormalized correlation radius dependences vs nano-
wire radius and flexoelectric coefficients f44 are shown in
Figs. 6�a�–6�d� for PbTiO3 material parameters at room
temperature.

The divergences of correlation radius could be achieved
only for T=Tcr�R , f44� or at R=Rcr, corresponding to the
paraelectric-ferroelectric phase-transition point as one can
see from Eq. �17�. These conditions can be fulfilled at fixed
value of radius R for arbitrary value f44 or for arbitrary value
of radius at given value of temperature T, as one can see
from Fig. 6. Since the same fixed values of R or f44 corre-
spond to the divergence �or maxima for finite electric field
value� of dielectric permittivity � �because Rc

���g12
� �� these

values of the radius and flexoelectric coefficient represent the
critical radius or “critical” flexoelectric coefficient �corre-
sponding to Rcr given by Eq. �15�	 of the paraelectric-
ferroelectric phase transition.

It is clear from Figs. 6�a� and 6�b� that in ferroelectric
phase �i.e., at R
Rcr� the correlation radius monotonically
decreases with the increase in the flexoelectric coefficient

f44. At the same time, in paraelectric phase correlation radius
increases with the increase in the flexoelectric coefficient
since the critical temperature �Eq. �14�	 increases with the
increase in the flexoelectric coefficient. This opens the pos-
sibility to govern the phase diagram and polar properties by
the choice of the material with necessary flexoelectric coef-
ficient at given temperature or nanoparticle radius.45

Finally, let us calculate the nanowire piezoelectric reac-
tion to electric field E3 applied along the polar axes z. Using
the elastic field �Eq. �7�	, one could calculate piezoelectric
reaction as dkij =�uij /�Ek. One of the nontrivial consequences
of the flexoeffect is the local appearance of new piezoelec-
tric tensor components, related with the unit-cell deformation
�see Fig. 1�a�	, absent in the bulk system

d331 = d313 = −
f44

2c44

��33

�	
cos � ,

d332 = d323 = −
f44

2c44

��33

�	
sin � . �18�

Here �33 is dielectric susceptibility and � is the polar angle.
The flexoinduced part of the piezoelectric reaction amplitude
is proportional to

d33	�T,R�

�
f44

2�T�Tcr�R� − T	� J1�	/R0�
R0J0�R/R0� − ���/R0�J1�R/R0�� ,

�19�

where radius R0=�g12
� /�T�T−TC�. As anticipated d33	�T ,R�

diverges in the point T=Tcr�R� of size-induced paraelectric-
ferroelectric phase transition. It is clear from Figs. 7�c� and
7�d� the piezoresponse is the higher the smaller is the wire
radius �compare curves 1–6�.

Note that the flexocontribution �Eq. �19�	 is proportional
to �Tcr�R�−T	−1, so it can be much greater than the striction
contribution d3ij �−2qij33P3�33 proportional to the �Tcr�R�
−T	−1/2 near the size-induced phase-transition point T
=Tcr�R�. Thus, spontaneous flexoeffect originated from the
intrinsic gradient �P3 /�	 of the order parameter near the
wire surface could lead to giant piezoelectric reaction. It
should be noted that measured coefficient of proportionality
between strain gradient and polarization is �33f ij3l.

8

V. DISCUSSION

The intrinsic inhomogeneity of order parameter in the fer-
roic nanosystems due to the surface and size effects is the
source of the spontaneous flexocoupling with mechanical
strain �e.g., flexoelectric and flexomagnetic effects�. Thus it
has to be taken into account when calculating polar proper-
ties of the nanosystems and their response to the external
stimuli.

The exact analytical solution for the spatially inhomoge-
neous mechanical displacement vector allowing for flexoef-
fect contribution was derived for nanowires and pills with
one-component vector order parameter �3 directed along the
nanoparticle symmetry axis. We show that flexoeffect leads
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FIG. 6. �Color online� ��a� and �b�	 Correlation radius depen-
dences vs nanowire radius for different flexoelectric coefficients f44
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to the appearance of two additional terms in the equation of
state for the order parameter �3, proportional to its first de-
rivative, and the third term proportional to its second deriva-
tive. These terms, respectively, cause the appearance of lin-
ear term ��x3��3 /�x3� and nonlinear contribution
��3�x3��3 /�x3� in thin pills, the renormalization of coeffi-
cients before the order-parameter gradient �2�3 /�xi�xj as
well as result in inhomogeneity and renormalization of ex-
trapolation length in the boundary conditions for pills and
nanowires. Estimations show that these effects cannot be
neglected.

The spontaneous flexoeffect leads to the transformation of
the unit-cell symmetry �e.g., from the squire cross section to
trapezoid one� of rods and pills that changes their plane cross
sections into the saucerlike one. This phenomenon can be
considered as manifestation of spontaneous flexoeffect exis-
tence. The forecast is waiting for experimental verification.

The influence of flexoeffect on the nanosystem properties
was considered in detail for the most studied flexoelectric
effect. One can conclude that even a rather moderate flexo-
electric effect significantly renormalizes all the polar, piezo-
electric, and dielectric properties and in particular the corre-
lation radius suppresses the size-induced phase transition
from ferroelectric to paraelectric phase and thus stabilizes the
ordered phase in ferroic nanoparticles.

The divergences of dielectric permittivity and correlation
radius at the critical value of the flexoelectric coefficient re-
lated to the critical radius had shown a way to govern ferro-
electric materials properties. The effect of the correlation ra-
dius renormalization by the flexoelectric effect leads to the
changes in the domain-wall intrinsic width. The predicted
effects are useful for design of ferroelectric nanowires with
radius up to several nanometers, which have ultrathin do-
main walls and reveal close to bulk polar properties.
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2, 3, 4, and 5 �curves 1–6 in plot �a�	 and R /R0=1.5, 1.7, 2, 3, 4,

and 5 �curves 1–6 in plot �b�	. Here Pb=�−�T�T−Tc� /a11 is
spontaneous polarization of the bulk material. ��c� and �d�	 Normal-
ized susceptibility gradient ���33 /�	��b

−1R0 inside the nanorod of
different radii R for flexoelectric coefficient f44=1 V and PbTiO3

material parameters. Lattice constant a�0.5R0, different values of
seeding extrapolation length �a� �0=2R0 and �b� 5, and nanorod
radius values R /R0=1, 1.2, 1.6, 2.2, 3.5, 7, and 10 curves 1–6 in
plot �a�	 and R /R0=0.6, 1, 1.5, 3, 4, and 6 �curves 1–6 in plot �b�	.
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